In this work, we present some results showing the controllability of the linear Schrödinger equation with complex potentials. Firstly we investigate the existence and uniqueness theorem for solution of the considered problem. Then we find the gradient of the cost functional with the help of Hamilton-Pontryagin functions. Finally we state a necessary condition in the form of variational inequality for the optimal solution using this gradient.
Introduction
Control theory is a very important interdisciplinary branch of electric-electronics engineering and applied mathematics that deals with the behavior of dynamical systems with inputs, outputs and feedback [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . From this point of view, optimal control theory, is an outstanding mathematical optimization method for deriving control policies. Optimal control problems often arise for various types of partial differential equations in many areas of physics and engineering. For example, optimal control problems for quantum mechanical systems represented by the Schrödinger equation form one of the most important areas of modern optimal control theory. These problems appear in quantum mechanics, nuclear physics, nonlinear optical and superconductivity theory. The most in-teresting of these problems arise when coefficients are taken as control functions. Such control by coefficients is well known and widely used in optimal control problems for the Schrödinger equation. The idea was first presented by Iskenderov and Yagubov in [1] [2] [3] . They analyzed existence and uniqueness theorems and optimality conditions for solution. These problems have since been widely studied by many researchers in [9] [10] [11] [12] [13] [14] .
In this work, we consider the optimal control problem for the Schrödinger equation with complex potential. Until now, similar studies have contained one or two control functions. Also controls have previously only been used in the coefficients of equations, but control functions are used in both initial conditions and in the coefficients of equations in this paper. Such problems have not been studied enough. However, we consider that our treatment of the optimal control problem differs from previous studies in the literature, in view of the problem definition and related functional spaces.
Problem Statement
Let us consider a problem of minimization of cost functional
on the following admissible control set
under conditions:
where
is a bounded, measurable function satisfying the following condition:
The functions ψ k (x) represent the wave's complex amplitude. v 0 (z) and v 1 (z) are potentials and known coefficients of refraction and absorption, respectively. ϕ k (x) and f k (x, z), k = 1, 2 are complex and measurable functions satisfying the conditions:
respectively. w ∈ H is an initial guess and
The functional (1) for α = 0 was introduced by J. L. Lions in [5] , which examined the inverse problem of determining an initial function for a parabolic equation, hence, this is known as the Lions fuctional. The Lions functional has been used in many studies in the literature.
2 (Ω), k, m ≥ 0 be as defined in [19] , and let the symbol ∘ ∀ denote that the given property applies for almost all values of variable quantity.
So we are interested to solve the following problem:
. Usually problem (2)- (5) appear in the work of dispersion of light waves in the non-linear and non-homogenous environment, and express the disintegration process of stationary light beams occurring in a non-linear optic. The refraction and absorption coefficients of the equation are considered as controls of the system. Besides, initial conditions of the equation is physical tools that may play role as the control [17] . (2)- (5) for the given v ∈ V, the reduced problem.
Definition 1. We call the problem of finding a function,
ψ k = ψ k (x, z),(k = 1, 2) from conditions
Definition 2. The generalized solution of the reduced problem arising from conditions (2)-(5) and corresponding to
for
2 (Ω) and
The solution of the reduced problem is clearly subject to the choice of control, for this reason we will also use the
As is seen, the reduced problem occurs for two initial-boundary problems, i.e the first and second initialboundary value problems for the Schrödinger equation with complex potential.
We can give the following theorem for a mild solution of the initial-boundary value problem (2)-(5). This theorem is proven by the Galerkin method as in study [20] .
Theorem 1. Let us accept that the functions a(x), φ k (x)
and f k (x, z), k = 1, 2 satisfy conditions (6) 
and (7). Then the initial-boundary value problem (2)-(5) has a unique solution belonging to the C
and this solution satisfies the following estimate:
Here c 0 > 0 is independent of φ k and f k .
Existence and Uniqueness of the Optimal Solution
In this section we show the existence and uniqueness of the optimal solution for the considered problem (1)- (5) . For this purpose we need the following theorem. 
Theorem 2. ([4]
is the solution of (2)- (5) for v + ∆v ∈ V. We can say that the func-
give the solution of the following problem:
Considering problem (2)- (5) and (10)- (13) 
Here c 1 > 0 is independent of ∆v and ∆φ k . Using above estimate we can write following inequality:
Here c 2 > 0 is independent of ∆v and ∆φ k . We can indicate that the increment of the functional J 0 (v) :
If we apply the Cauchy-Bunyakowski inequality and use estimates (9) and (14) we have
Here c 3 > 0 is independent of ∆v Using (9) we estimate: 
Fréchet Differentiability of The Functional
In this section, we prove the Fréchet differentiability of the given cost functional. For this purpose, we state the following adjoint boundary value problem:
Here the function
is the solution of problem (2)- (5). The generalized solution of adjoint problem (19) - (22) is the function the 
for ∀η 12 ∈ W 2,1 2 (Ω) and ∀η 1 ∈ W 2,1 2 (Ω). As seen, problem (19)- (22) is an initial-boundary value problem. This can easily be obtained by a transform, θ = L − z. By using Theorem 1 it follows that the solution of boundary value problem (19)- (22) 
)︀ is unique and the following estimate is obtained:
Here c 5 > 0 is independent of ψ 1 and ψ 2 . The functional ∆Ja(v) can be used to show the differentiable of the functional (1): 
We will convert the first term located on the right side of the formula (25) following this Lemma:
Lemma 4. Following the equation is valid:
Proof. Proof is easily done by a simple calculation. Now we define the following Hamilton-Pontryagin functions for the optimal control problem (1)- (5) . 
If we use (9) , (14) and (15) we obtain: 
Conclusion
An optimal control problem for the Schrödinger equation is discussed in this paper. The controls are initial conditions and potential coefficients of the equation. The results show that the system's initial state affects its performance. Therefore the results obtained from this study are different to those from previously work. These results have both theoretical and practical significance.
